ABSTRACT. Let α d X be the Abel map of multidegree d of a singular curve X of genus g. We describe the closure of Imα d X inside Caporaso's compactified Jacobian P d X for irreducible curves, curves of compact type and binary curves.
INTRODUCTION
Abel maps have been studied since the nineteenth century, starting from smooth curves: given a smooth projective curve C of genus g and a natural number d ≥ 1, we can consider the product C d and define the Abel map of degree d
it is a regular map, and in degree 1 it is injective when g ≥ 1. In particular, when d = 1 it gives the Abel-Jacobi embedding of C into Pic 1 C ∼ = J(C), its Jacobian. In the smooth case the image Imα d C of the Abel map coincides with a Brill-Noether variety, W d (C), defined as
We recall that dim W d (C) = min{d, g}. A natural problem is to extend the Abel maps to singular curves in such a way that they have a geometric meaning.
If X is a singular curve we can still define Abel maps, but if we proceed as in the smooth case we will get a rational map, since the singular points are not Cartier divisors. We consider the decomposition of X in irreducible components, X = C 1 ∪ . . . ∪ C γ , and setẊ := X \ X sing , where X sing is the set of nodes of X, andĊ i = C i ∩Ẋ. 
and we call it the Abel map of multidegree d; it is a regular map. Abel maps for integral curves have been studied by Altman and Kleiman in [AK80] , and later on in [EGK00] , [EGK02] , [EK05] . We notice that the completion of Abel maps for integral curves was a major step to prove autoduality of We will study the following cases: irreducible curves on the one hand, and two types of reducible curves, namely curves of compact type and binary curves. Curves of compact type have the advantage and the special property that the generalized Jacobian is compact. Binary curves are nodal curves made of two smooth rational components meeting at g + 1 points. They form a remarkable class of reducible curves since they present the basic problems as all reducible curves, yet simpler combinatorics. Indeed, they have been used in the past as test cases for results later generalized to all stable curves, see for instance [C5] , [Br99] .
In order to answer our question, let X S be a partial normalization of a nodal curve X at a set S of nodes. We define the set In section 3 we study directly the closure inside P d X of A d (X), and we prove that A d (X) = W d (X) giving a description of it in terms of the Brill-Noether varieties W 0 d−δS (X S ) where X S is the normalization of X at a set of nodes S, and δ S = ♯S.
In section 4 we turn our attention to reducible curves: we describe the structure of the varieties W d (X) for curves of compact type, which is quite natural, and in the last part we develop the study of A d (X) and its closure inside P d X for binary curves. We characterize it in terms of the varieties W d S (X S ). If X is a binary curve of genus g and 1 ≤ d ≤ g − 1, we prove that the closure inside P d X of the union of the varieties A d (X) as d varies among balanced multidegrees on X, is exactly W d (X). In other words, we define
then the main theorem states that
Finally we study the simpler case when d = 1 giving a characterization of the closure of the image of the Abel map for all the stable curves such that the set B ≥0 1 (X) of strictly balanced multidegrees d ≥ 0 is nonempty, i.e. the so called d-general curves.
NOTATION
Let us recall some basic facts about the construction in [C1] that we will use in what follows. We work over an algebraically closed field k. Throughout the paper a curve will be a reduced projective variety of pure dimension 1 over k. Moreover, we will deal with nodal curves, although some statements are more general. Let then X be a nodal curve, and let X ν ν −→ X be its normalization;
is the decomposition of X ν into smooth components of genus g i for every i = 1, . . . , γ, then the arithmetic genus of
If Z is a subcurve of X of genus g Z and Z c = X \ Z, we will denote by δ Z = ♯Z ∩ Z c and if ω X is the dualizing sheaf of X,
A curve X of genus g ≥ 2 is said to be stable if it is connected and if every component E ∼ = P 1 is such that δ E ≥ 3, which is equivalent to saying that the curve has finite automorphism group. By a quasistable curve we mean a connected curve X such that every subcurve E ∼ = P 1 has δ E ≥ 2 and the ones with δ E = 2, i.e. the exceptional components, don't intersect. If S is a set of nodes of a stable curve X, throughout the paper we will denote by X S the normalization of X at the nodes in S, and by X S the quasistable curve obtained by "blowing up" X at S. In what follows we will often call X S a partial blow up of X. Obviously X S is the complement in X S of all the exceptional components.
In [C1] Caporaso constructs a compactification P d,g → M g of the universal Picard variety, such that the fiber over a smooth curve X of genus g ≥ 2 is its Picard variety Pic d X, whereas if X is a stable curve in M g , then the fiber over it is P d X , a connected and projective scheme, which has a meaningful description in terms of line bundles on the partial blowups of X.
Indeed, let X be a quasistable curve of genus g and L ∈ Pic d X; we denote the multidegree of L
where, if X = γ i=1 C i is the decomposition of X in irreducible components, we have d i = deg L| Ci and d = |d|. We say that d is balanced if for any connected subcurve Z of X we have that
where w Z = deg Z ω X , and for any exceptional component E of X we have L| E = O E (1).
We say d is strictly balanced if strict inequalities hold in (2.1) for every Z X such that Z∩Z c ⊂ X exc , where X exc is the subcurve of the exceptional components of X (see [C7] ). We will denote by B d (X) the set of balanced multidegrees on X, and by B d (X) its subset of strictly balanced ones.
We are going to introduce the scheme P d X by looking at its stratification; so let X be a stable curve of genus g ≥ 2, then, for any d, P d X is a connected, reduced scheme of pure dimension g, such that (2.2)
where P d S ∼ = Pic d S X S , X S ⊂ X S as above, and d S = d| XS . In particular, the points in P d X are in one-to-one correspondence with equivalence classes of strictly balanced line bundles. Any such class is determined by S and by M ∈ PicX S . Hence a point of P d X can be denoted by [M, S] , where if M S is a class of line bundles in B d ( X S ), then M := M S | XS , and, by construction, when restricted to every exceptional component of X S , M S is equal to O(1).
A node n of X is said to be separating if X \ {n} is not connected; we denote by X sing the set of nodes of X, and by X sep the subset of separating nodes.
Let ν S : X S → X be the normalization of X at the nodes in S. It induces the pullback map
IRREDUCIBLE CURVES
Let X be an irreducible nodal curve of genus g and, for d ≥ 1, consider the Brill-Noether 
It is a regular map, and obviously α
Let us now introduce the following set
where S ⊂ X sing with δ S := ♯S, X S = X S ∪ ∪ δS i=1 E i is the blow up of X at the nodes of S, and, as we introduced in the previous section, M S is a class of line bundles in B d ( X S ) such that its resctrictions to the components of X S are
Let us observe that since h 0 ( X S , M S ) = h 0 (X S , M ) (see [C2] [Lemma 4.2.5]), we have:
which is in turn equivalent to: 
Proof. We start by assuming that X has only one node n, and its normalization is ν : X n → X, with ν −1 (n) = {p, q}. Let us consider the regular dominant map
for any M ∈ Imρ we denote by
. We want to prove that for any
We are now going to analyze all the possible cases.
(1) M ∈ Imρ with h 0 (X n , M ) = 1 and
We are going to show that there exist two points in
X . Let now p t ∈Ẋ be a moving point specializing to the node, i.e.such that
, n], so we have that
Again we want to prove that
, where h ′ = h − 1. We choose a moving point p t on X n specializing to p as t goes to 0, and a moving point q t on X n such that q t specializes to q. Now fix t, and take the line bundle M
We consider now one moving point p u ∈Ẋ, such that ν * (p u ) on X n specializes to p when u → 0. As well as we saw in case (2),
Using the same argument, we get that
(4) M ∈ Imρ with h 0 (X n , M ) ≥ 2 and either p or q as base point. Choose, say, p as base
or q up to move the support away. We notice that
We take again a moving point p t on X n specializing to p, and a p u on X such that ν
specializes to p on X n . We fix t and denote
and M ′ not supported on either p or q up to move the support away. As well as above, we
, n] to show that they are contained in A d (X). We proceed as in case (3) performing a double specialization, and recalling that h 0 (X n , M ′ ) ≥ 2 by assumption.
Let U ⊂ W d (X n ) be the following set:
this is of course an open set in W d (X n ), and it contains all the line bundles M studied in case (1).
In particular for any M ∈ U , we have that
In order to verify this assertion, by (1) we just have to check that
and
From the study of all the possibilities above,
from (2) to (5), we get that for any M ∈ Imρ which is not in U , A d (X) contains at least two points
So we have shown that
, with subsequent equality of their closures. In order
On the other hand, the analysis made above suggests that any
Indeed if N has p and/or q as base points, we argue as in (3), (4), (5); if otherwise N does not contain p nor q in its support, by (2) we get that there exists
If the number of nodes δ is ≥ 2, we proceed by induction on δ. Indeed, let X be a nodal irreducible curve having δ nodes. We blow up X at one node n, so thatX n is the blown up curve, and X n is the strict transform, and we have the normalization map ν : X n → X such that ν −1 (n) = {p, q}. So again we look at the dominant morphism ρ :
, and we prove that the
As inductive hypothesis we assume that 
, and when d = g − 1 we get that the Theta divisor is irreducible in Pic g−1 X.
we deduce an important fact; we use the previous notation, where X has δ nodes and X n is the normalization at a node n. Let
, and we can denote its elements in the following way:
By 3.0.1 we have that for any c ∈ k * there exists a family 
REDUCIBLE CURVES
Very little is known about Abel maps of reducible curves, even if recently a lot of effort has been put into studying the class of stable curves, see for example [C2] , [C5] , [C6] , [C07] , [CP09] . We are going to study the relation among the varieties W d (X), A d (X) and their closures in P d X . Let X be a reducible curve with components C 1 , . . . , C γ ; for any
we can consider the Brill-Noether variety W d (X) that we defined in the introduction of the paper.
Obviously if d i < 0 for every i = 1, . . . , γ, we get that W d (X) = ∅. On the other hand, if we assume
As in the irreducible case, we denote by A d (X) the closure of the set Imα
We are now going to introduce a set which will be crucial hereafter.
This definition suggests the following Lemma 4.0.4. Let d ≥ 0 be a multidegree on a reducible curve X. Then
Proof. The proof is straightforward: the line bundles in Imα
, hence their restriction to any subcurve of X has nonzero sections. Then by upper semicontinuity of the dimension of the H 0 this is still true for their limits in A d (X).
We start by studying the simplest case, i.e. when X is a curve of compact type.
4.1. Curves of compact type. When X is a curve of compact type, for any multidegree d we have
However we are interested in the relation between
We start by assuming that X has two smooth components C 1 , C 2 meeting at one node n, hence its normalization is the disconnected curve
with ν −1 (n) = {p, q}. This induces the pullback map
which is an isomorphism, and given
We define the sets:
of course we have that
Proposition 4.1.1. Let X be a curve of compact type of genus g with two smooth components C 1 , C 2 of genus resp. g 1 , g 2 . Let d ≥ 0 be a multidegree with
We have:
is connected and has 3 irreducible components, Proof. In order to prove (i) we assume that d 1 ≤ g 1 − 1 and d 2 ≤ g 2 − 1. We consider the pullback map
then by [C2, 2.1.1] using that δ = 1,
Now since C 1 , C 2 are smooth curves, we have that
, and since L has nonzero sections, we have
we define the set (4.4)
and consider the isomorphism
It is easy to see that Λ p = φ p (W d1−1 (C 1 )), hence Λ p is closed and irreducible of dimension d 1 − 1.
Now consider the set
as an open set, and dim W
Arguing as before, we define the set Λ q ⊂ Pic d2 C 2 , and the isomorphism
, and the set
Hence we have that
and their intersection is (ν
Part (ii) comes from part (i), once we have noticed that if d 1 ≥ g 1 and d 2 ≤ g 2 − 1, then
and their intersection is (ν * ) −1 (Λ p ), having dimension d 1 − 1. We notice that in this case by (4.3),
2 , which can be less than d. We prove that even in this case it holds that W + d (X) = A d (X). Indeed, inclusion (⊃) is obvious, and concerning (⊂), let us take a line bundle
for some suitable divisors D 1 and D 2 ; we choose moving points p t on C 1 ∩ X and q t on C 2 ∩ X, specializing resp. to p and q. We consider on C 1 ⊔ C 2 the line bundle:
and push it down to X, getting the (unique) line bundle
Then if we let t tend to 0, we get that L t specializes to L, and hence that L ∈ A d (X). So we
Remark 4.1.2. We just observe that the case d = g − 1 is carried out in [C2] , but we obtain it as a by-product in 4.1.1(ii); since there are no strictly balanced multidegrees summing to g − 1 on a curve of compact type, we get that W d (X) is not irreducible.
In the sequel we will try to generalize our study to any curve of compact type, so take X as the union of irreducible smooth curves C 1 , . . . , C γ , with g i the genus of C i and g the genus of X. Notice that since X is of compact type, we have that ♯(C i ∩ C j ) = 1 for i = j, and this implies that the total number of nodes δ ≤ γ − 1; we denote by n ij the intersection point
be the total normalization map, ν * the pullback as before, and denote by (L 1 , . . . , L γ ) the pullback
If n ij is a node, its branches on C i , C j will be called respectively
, distinguishing the curve they belong to by the position of indices.
Lemma 4.1.3. Let X be a connected curve of compact type as above and
Proof. The proof is straightforward: we see that, as we pointed out in the case γ = 2,
indeed X has a number of nodes δ = γ − 1, so we apply [C2, 2.1.1] and obtain the equality. Since What we are going to do now is to study the remaining irreducible components of W d (X). To do this we need to introduce some notation: let δ i = ♯(C i ∩ X \ C i ) for i = 1, . . . , γ, and let I be a 1 × γ vector where the j-th component is I j = + or I j = −. Then we can define the set:
Notice that if I j = + for every j, i.e. I = (+, . . . , +), we get W + d (X). Let us fix some vector I = (+, . . . , +); set I + := {j ∈ {1, . . . , γ}, I j = +}, and I − := {h ∈ {1, . . . , γ}, I h = −}.
We denote by p j h the branch on C j of the point of intersection C j ∩C h , for j ∈ I + , and some h ∈ I − , if it exists. Moreover, we fix j ∈ I + and consider the disconnected curve X \ C j = X j 1 ⊔ · · · ⊔ X j kj . We observe that C j has only one point of intersection with each X j l , for l = 1, . . . , k j . We denote the branches of this point on C j and X 
and let
Now, still for j ∈ I + , consider the set:
and denote by Σ j the set obtained from Σ j by reordering the factors in such a way that the final order in Σ j corresponds to the order of the components of I, so for example, Λ j will be the factor in the position of j in I. We will denote by (4.8)
We observe that Λ j is irreducible (see 4.1.1), and its dimension depends on the cardinality λ j of L j .
Indeed dim(Λ j ) = d j − λ j and 0 ≤ λ j ≤ k j . It follows that Σ j is irreducible for every j ∈ I + .
Lemma 4.1.4. We have that (ν
Proof. Inclusion (⊂) is easy by definition of Σ I , since an element of (ν * ) −1 (Σ I ) must have at least a nonzero section. On the other hand, given a line bundle L ∈ W I d (X), we want to prove that
up to reordering the factors in the left hand side, and therefore ν * (L) ∈ Σ. Now, assume that there
Without loss of generality we can assume that |L i | = 1. Then in order to glue the sections and get a line bundle on X, it must be h 0 (
Even if we can't say precisely which is the dimension of the components of W 
Remark 4.1.5. We notice that depending on d, some I's won't appear in (4.9); indeed, if there exists some k ∈ {1, . . . , γ} such that d k ≥ g k , then the component I k of I must be +, so we will have a small number of I's, and hence a small number of irreducible components in
Binary curves.
A binary curve of genus g is a nodal curve made of two smooth rational components intersecting at g + 1 points. We are going to recall some properties that we will use throughout this paragraph. If X is a binary curve of genus
We say that d is strictly balanced if strict inequality holds. If X S is a quasistable curve obtained from a binary curve X by blowing up the nodes in S, then we call E 1 , . . . , E ♯S the exceptional components, so that if X S is the partial normalization of X at the nodes in S, we have that
(1) d i = 1 for any i = 3, . . . , ♯S, i.e. d| Ei = 1, ∀i.
(2) d| XS is balanced on X S .
d is strictly balanced if its restriction to X S is strictly balanced on X S .
Remark 4.2.2. Let X be a binary curve of genus g, and let X n be the normalization of X at the node n, such that ν : X n → X is the associated map. Let d ≥ 0 be a balanced multidegree on X such that |d| = d ≤ g − 1, then it is still balanced on X n . Indeed, let us suppose by contradiction
then it should be
but then we would have that d 1 < 0, which cannot happen. 
Proof. We fix a smooth point p on X.
. This holds if and only if p is a base point of ω X L −1 . But now we notice that, again by Riemann-Roch theorem,
Therefore ω X ⊗ L −1 has some non vanishing section on X. If E ⊂ X is an exceptional component,
vanishes on E. This implies that there must be a non exceptional component C of X such that the
Hence the general point p ∈ C is not a base point of ω X ⊗ L −1 . So we get our conclusions.
Remark 4.2.4. We recall that if X is a nodal curve and d = g − 1 is stably balanced as in section
It's very easy to see that if X is a binary curve and d = g − 1 ≥ 0 is balanced, then d is strictly balanced and hence stably balanced. This implies that if X is a binary curve of genus g and
where X is binary of genus g and d ≤ g−1.
We notice that by lemma 4.2.5, for a binary curve we have W
Proposition 4.2.6. Let X = C 1 ∪ C 2 be a binary curve of genus g, L a line bundle on X of degree
Proof. Let L be a line bundle as in the hypothesis; we will use induction on the degree.
Now let d < g − 1; by lemma 4.2.3 we have that there exists a component of X, say C 1 , such that for the general p ∈ C 1 we have that h 0 (L(p)) = h 0 (L). By lemma 4.2.5 L(p) has balanced multidegree on X. Hence we can apply induction and get that there exists a family
. Like before we denote this family via
We notice that p is a base point of L(p). Let ν : X n → X be the normalization of X at a node n, as in remark 4.2.2. Then we can pullback (4.11) to X n and get
where with abuse of notation we call the points on X and X n in the same way, and
Now we divide the proof in two cases:
We need to use a second induction on the number of nodes. The inductive statement is: if L and L(p) are balanced line bundles on Y binary curve with δ nodes, with deg
The base of induction is obvious on a curve with no nodes, i.e. a smooth one. So we suppose that the statement above is true for X n : in particular we know that h
; then by induction it holds that in (4.12) there exists a i t such that (4.13) a i t → p for some i.
Up to reordering the points we can assume that i = d + 1. Now, by applying (4.13) to (4.11)
we get that
and hence the conclusions in case 1.
We have two possibilities: by applying Lemma 2.2.3 (2) and Lemma 2.2.4 (2) in [C2] , either n is a base point of L, or W L ′ (X) = {L}. In the first case we have that it must be true regardless of the choice of n, i.e. every node n of X must be a base point of L, which is impossible since the nodes are g + 1 whereas the degree of L is d < g − 1.
On the other hand, if W L ′ (X) = {L} we need a new inductive argument on the number of nodes. In this case the inductive statement is: let Y is a binary curve of genus
The base of induction is given by a binary curve of genus 2, i.e. with 3 nodes, so that d = 1, and since d = g − 1, by [C2] we have W d (X) = A d (X), hence the conclusion holds.
We assume the inductive statement for X n , so we get that there exists L
Corollary 4.2.7. Let X be a binary curve of genus g, and let d ≥ 0 be a balanced multidegree on 
For any set S of nodes of X, if C 1 , C 2 are the smooth components of X, X S = C 1 ∪ C 2 , with
The stratification in (4.14) motivates the definition of (4.15)
where B
≥0
d ( X S ) is the set of strictly balanced multidegrees e ≥ 0 on X S such that |e| = d, X S is the partial blow up of X at the nodes contained in S, X S is the strict transform of X, d S is a balanced multidegree on X S such that | d S | = d, whereas
X , similarly to lemma 4.0.4 we have the inclusion
Definition 4.2.8. We denote by
Theorem 4.2.9. Let X = C 1 ∪ C 2 be a binary curve of genus g ≥ 2 with δ ≥ 2 nodes and smooth
Proof. Let us observe that, since ♯B
d (X), by (4.16) we get that inclusion (⊃) holds. Let us now prove inclusion (⊂). By (4.15) it is sufficient to show that for any ∅ ⊂ S ⊂ X sing ,
. First of all we notice that by (4.15), we can equivalently write
Let us assume that ♯S = 1, with S = {n};
Thanks to the stratification of X such that the pullback of L t to X S is M t . Let us fix t and take a moving point p u on C 1 ∩Ẋ such that p u specializes to n as u → 0.
We see that by construction
Now we let t tend to 0, so we obtain that
We proceed by induction on ♯S; we have just proved that when ♯S = 1, then for any
We want to prove that for T ⊂ X sing , with T = S ∪ n for any node n of X S , then taking
it exists because of the stratification of P d X . Let us assume that, say, 
We fix t and take p u ∈ C 1 ∩Ẋ specializing to n on X S ; then we have that degM
and again letting t tend to 0 we obtain that
as we wanted.
It follows that
hence we get the conclusions.
We are now going to investigate about the closure inside P d X of the set A d (X) when d is a strictly balanced multidegree on X binary curve. Before, we need to recall some definitions introduced in [C1] . Definition 4.2.10. Let X and X be two Deligne-Mumford semistable curves; we say that X dominates X if they have the same stable model and if there exists a surjective morphism of X onto X such that every component of X is either contracted to a point or mapped birationally onto its image. We are now able to state: Proposition 4.2.12. Let X be a binary curve of genus g ≥ 2 and d ≥ 0 a strictly balanced multidegree on X. Then
Proof. Inclusion (⊂) is obvious by an argument analogous to lemma 4.0.4. The proof of (⊃) is actually the same as in 4.2.9, i.e. we take an element
d and we use the same argument as in 4.2.9, considering that
4.2.1. Degree 1. We are now going to investigate what happens when the degree d = 1. Let X be a nodal connected curve of genus g ≥ 2, let C 1 , . . . , C γ be its irreducible components, and set Proof. Let us suppose that C i is an irreducible component of X such that d i < 0. By the balancing condition we know that:
Assume that there exists L ∈ W d (X), and denote by n 1 , . . . , n δi the nodes of C i ∩ X \ C i . Moreover, denote for simplicity Z i = X \ C i and let q 1 , . . . , q δi be the branches of n 1 , . . . , n δi on
Hence we must have that deg L Zi ≥ δ i , and recalling that deg
Therefore we have to verify that
this holds if and only if
So we have two possibilities:
(ii) or g i = 0 and δ i = 1.
In case (i), C i ∼ = P 1 , so let us suppose that δ i = 2; hence C i is an exceptional component of X,
and by the balancing condition it must be d i = 1. But by (4.18), we see that d i ≤ −1, and we get a contradiction.
Suppose now that g i ≥ 0 and δ i = 1. Then, by (4.17) we have that Then L has one nonzero section s on X. If it vanishes on a smooth point r of X, we have that
X . Otherwise, if there exists a node n ∈ C 1 ∩ C c 1 such that s(n) = 0, we normalize X at n; we denote X ′ ν → X the normalization at n. Now we have two possibilities: (i) X ′ is connected, i.e. n is nonseparating. Let L ′ be the pullback of L to X ′ . Let us denote by C 2 the component of X such that {n} = C 1 ∩ C 2 and by p, q the branches of n on X ′ with p ∈ C 1 . With abuse of notation we call again s the pullback of s to L ′ . Then s(p) = s(q) = 0, but L ′ has degree one, so s doesn't vanish on other points of C 1 , and in particular if {n 1 , . . . , n l } are the other nodes of X ′ \ C 1 ∩ C 1 , s(n i ) = 0. Notice that l ≥ 1. Since the pullback of L to the total normalization of X is (O C1 (p), O C2 , . . . , O Cγ ), then s restricted to X ′ \ C 1 must be a constant, hence by what we just said a nonzero constant. In particular s(q) = 0, which is a contradiction.
Therefore s cannot vanish on a nonseparating node of X.
(ii) X ′ is not connected. Then X ′ = C 1 ⊔ Z 1 and Z 1 is connected. In particular n is a separating node of X. The pullback of L to X ′ is M = (O C1 (p), O Z1 ), where p is as in (i). Now let us consider a moving point p t ∈ C 1 \ p, such that p t → p. Let M t = (O C1 (p t ), O Z1 ) ∈ PicX ′ . Then the line bundle O X (p t ) on X pulls back to M t (abusing notation). As p t → p, M t → M and L t → L such that h 0 ( L) ≥ 1. Since h 0 (X ′ , M ) = 1 we have that L is the unique line bundle on X pulling back to M and such that h
If C 1 is a separating line, since L ∈ W + d (X) we have h 0 (L) = 2. Then we can choose r ∈
In what follows we are going to give a characterization of the closure of A d (X) in P d X for stable curves in degree 1. Let then X be a stable curve. Let as usual X = C 1 ∪· · ·∪C γ be the decomposition of X into irreducible components. If X S is a partial normalization of X at a set S of nodes, we consider the decomposition of X S in connected components:
We denote by
the partial normalization of X S at all the nodes in the set
We recall that by [C1] , for any stable curve of genus g ≥ 2 and any d, we have a decomposition
We define for the components of the multidegree d S on X S . Let
